Studying natural convection of nano uids in enclosures with non-uniform heated walls is of importance in many engineering applications such as solar energy collection. In this study, we developed a Fully Higher-Order Compact (FHOC) nite di erence method to investigate the natural convection and heat transfer of nano uids in an inclined square enclosure with sinusoidal temperature distributions. Numerical simulations were performed over a range of amplitude ratios, inclination angles, phase deviations, nanoparticles volume fractions, and Rayleigh numbers. Results showed that heat transfer could increase signi cantly by increasing the amplitude ratio and inclination angles in nano uids. Moreover, elevating the nanoparticles volume fraction did not always enhance the heat transfer of nano uids. When the Rayleigh number Ra was low (Ra = 10 3 ), the average Nusselt number decreased as the solid volume fraction parameter, , increased. On the other hand, elevating had favorable e ects on the heat transfer of nano uids when Ra was high (e.g., Ra = 10 4 , 10 5 ). With Ra = 10 4 , the total heat transfer rate decreased with nanoparticles in the order of Cu, CuO, Al2O3, and TiO2. Finally, a correlated expression of the total average Nusselt number, the Rayleigh number, and the solid volume fraction of nanoparticles was empirically obtained.
Introduction
In nano uids, which were rst introduced by Choi [1] , small amounts of metallic or metallic oxide nanoparticles are dispersed into water or other uids. Recently, there have been tremendous: e orts to identify the mechanisms of convective ow and heat transfer of nano uids, including the e ects of size and shape of nanoparticles, the hydrodynamic interaction between nanoparticles and base uid, clustering of particles, the in uence of temperature or Brownian motion, etc. [2] [3] [4] [5] [6] [7] . Heris et al. [8] conducted a comparative experimental study to investigate the e ects of metal oxide nanopowders, including TiO 2 , CuO, and Al 2 O 3 suspended in turbine oil, on the natural convection ow inside a titled cube cavity. Rashidi et al. [9] studied the e ects of heterogeneous heating on the heat transfer characteristics of a cavity lled with Al 2 O 3water nano uid. They found that the average Nusselt number increased with increase in the volume fraction of Al 2 O 3 nanoparticles at Ra = 10 3 . However, for other values of Rayleigh number, there was an optimal value of volume fraction of Al 2 O 3 nanoparticles in which the average Nusselt number was maximized. Wang et al. [10, 11] investigated the in uence of nanoparticles on the mixed and natural convective heat transfers of nano uids in square and triangular cavities. They observed that increase in the volume fraction of nanoparticles could enhance the average rate of heat transfer. Mahian et al. [12] considered the case of natural convection of SiO 2 -water nano uids in square and triangular cavities and concluded that both theoretical analysis and experimental results predicted the same trend in estimating the average Nusselt number and heat transfer coe cient ratio. Estell e et al. [13] worked on the prediction of heat transfer in a di erentially heated square cavity lled with Newtonian or non-Newtonian carbon nanotube nano uids. Their results mainly proved that the Nusselt number of nano uids, unlike thermal conductivity, was lowered by increase in nanoparticle content due to non-Newtonian behaviour of nano uids and temperature increase. Alizadeh and Dehghan [14] conducted a numerical investigation to explore the ow and thermal elds of conjugate natural convection of nano uids within a square cavity. They concluded that nano uid type was a key factor in heat transfer enhancement, and CuO nanoparticles led to a better heat transfer rate than Al 2 O 3 nanoparticles did. Cianfrini et al. [15] numerically studied the laminar natural convection of Al 2 O 3 -water nano uids inside square cavities. They found that when the nanoparticle volume fraction increased to an optimal particle loading, the amount of heat transfer of nano uids reached a peak across the enclosure.
However, whether the rate of heat transfer can be enhanced by means of nano uids is still an interesting question [16] . Contradictory studies indicate that the presence of nanoparticles in the base uid may result in a considerable decrease in the heat transfer [17] . Mahmoudi et al. [18] numerically examined how the position of horizontal heat source on the left vertical wall would a ect the heat transfer in the cavity lled with Cu-water nano uids. They found that locating the heat source close to the top horizontal wall would lead to more e ective outcomes in the heat transfer of nano uids. Haddad et al. [19] studied the natural convection heat transfer of CuO-water nano uids. They found that the enhancement in heat transfer was more pronounced at low volume fractions of nanoparticles and the heat transfer decreased with increase in the volume fraction of nanoparticles.
Up to date, most of the research studies on natural convection and heat transfer of nano uids in enclosures reported in the literature have been concerned with fully heated cavities [20] [21] [22] . But, in realistic situations, the active walls may be subject to nonuniform temperature distribution due to shadows and other natural interferences, such as solar energy collection [23] . It is important to apply solar energy to a wide range of applications and provide solutions through the modi cation of the energy proportion, improving energy stability, increasing energy sustainability, and enhancing system e ciency [24] . Mahian et al. [25] investigated the e ects of nanoparticle suspensions on the performance of a solar still equipped with a heat exchanger, both experimentally and theoretically. It was found that in high temperatures, using SiO 2 -water nano uids, which had lower e ective thermal conductivity than Cu-water nano uids, provided higher performance indices. Usually, the solar collector has at plate cover and sinusoidal wavy absorber [26] . Thus, investigating the convective heat transfer in enclosures with sinusoidal heated walls is very helpful in such situations. Arani et al. [27] investigated the mixed convection and heat transfer of Cu-water nano uid inside a lid-driven square cavity with sinusoidal temperature distribution on sidewalls. They showed that when the Richardson number decreased or the volume faction of nanoparticles increased, the rate of heat transfer could increase. Nasrin and Alim [28] compared performances of di erent nano uids for the natural convective ow inside a solar collector with a sinusoidal wave absorber. They found better performance in heat transfer inside the collector could be achieved by the highest volume fraction of Ag nanoparticles. Mejri and Mahmoud [29] presented a numerical study to examine the natural convection in an open cavity with a sinusoidal thermal boundary condition. Their study revealed that the heat transfer rate increased with increase in the Rayleigh number.
However, review of the literature indicates that few studies have been done on natural convection and heat transfer in an inclined square enclosure subjected to sinusoidal temperature distribution on boundary for nano uids. Hence, the objective of this paper is to numerically investigate such case, in order to see the e ects of the sinusoidal boundary conditions at horizontal sidewalls on natural convection and heat transfer in di erent types of nano uids in an inclined square enclosure. In addition, we will establish a general expression for the correlation of the total average Nusselt number, the Rayleigh number, and the solid volume fraction of nanoparticles.
Mathematical formulation
We consider the natural convection and heat transfer of water-based nano uids in an inclined square enclosure with non-uniform heating on both top and bottom sidewalls, as shown in Figure 1 bottom walls, respectively. It should be pointed out that we impose a surface temperature distribution in order to simplify the problem. Such type of surface distribution can be used to model the e ects of a periodic array of heaters behind or within the top and bottom walls [30] . Here, we consider four di erent types of nanoparticles, namely Cu, CuO, Al 2 O 3 , and TiO 2 ; their thermo-physical properties are listed in Table 1 [31] . For simplicity, we assume the convective ow to be two-dimensional, Newtonian, steady, and incompressible [31] . It is further assumed that the base uid (pure water) and nanoparticles are in thermal equilibrium; no slip occurs between these two media; and they ow with the same local velocity. In addition, we assume that the thermo-physical properties of the nano uids are constant except for the density variation approximated by the Boussinesq model [32] . Thus, based on the above assumptions, the mathematical model governing the natural convection and heat transfer of nano uids in an inclined square enclosure with non-uniform heating can be expressed as follows [31, 32] : @u @x + @v @y = 0; 
Here, u; v are components of the velocity in x-and ydirections, respectively, p is pressure, T is temperature, and r is the inclination angle. The water-based nano uid is idealized as a single-phase uid. Hence, the equations of physical parameters of nano uids are given as follows [33] [34] [35] [36] . [38] . In order to rewrite Eqs. (1)-(4) in a dimensionless form, we introduce the following variables: Thus, the dimensionless form of stream function and vorticity formulation can be written as follows:
where , , and are non-dimensional stream function, vorticity, and temperature, respectively, Ra is the Rayleigh number which is de ned as Ra = g f L 3 T= ( f f ), and Pr is the Prandtl number for the base uid, which is de ned as Pr = f = f [31] . The corresponding non-dimensional boundary conditions are as follows: = 0 on all the four walls, = @ 2 =@X 2 and @=@X = 0 on the left and right walls X = 0 and X = 1, = @ 2 =@Y 2 and = " sin (2X + ) on the bottom wall Y = 0, = @ 2 =@Y 2 and = sin (2X) on the top wall Y = 1, where " = A b =A t is the amplitude ratio of the sinusoidal temperature on the bottom wall to that on the top wall of the enclosure. The local Nusselt numbers along the isothermal walls of the enclosure are expressed as follows [32] :
The averaged Nusselt numbers along the horizontal sidewalls are expressed as follows [22] :
Furthermore, Nu avg = Nu(b) + Nu(t) is the total average Nusselt number across the entire enclosure. The above systems in Eqs. (7)-(9) and the corresponding dimensionless boundary conditions are complicated, and the analytic solution may be di cult to nd. Therefore, we will carry out a numerical simulation in the next section.
Numerical simulation
To develop a higher-order accurate numerical method for solving the above heat transfer and convective ow of nano uids in an inclined square enclosure with nonuniform heating, we rst design a mesh as X i = ih, Y j = jh, h = 1=M, i; j = 0; 1; :::; M, where M is a positive integer, h is the mesh size, and i;j denotes the approximation of the function (X i ; Y j ), = ; ; . We also note that each of Eqs. (7)-(9) can be viewed as the following steady-state convection di usion equation [39] :
where is a transport variable representing , , and , respectively; and a, b, and s denote the corresponding coe cient functions with respect to x and y. We start by examining the 1D steady convection di usion equation:
For the numerical solution to Eq. (13), the following second-order O(h 2 ) accurate nite di erence scheme is employed: 2 X i + a i X i = s i ; i = 0; 1; 2; :::; M; (14) where X and 2 X are the rst-and second-order central di erence operators in the X-direction, respectively, such that: X i = ( i+1 i 1 )=(2h); 2 X i = (a i+1 2a i + a i;j )=h 2 : To establish a higher-order accurate spatial compact nite di erence approximation of Eq. (13), thenite di erence approximations of the rst and second derivatives appearing in Eq. (13) 
First, discretizing the right-hand-sides in Eqs. (17) and (18) by using the rst-and second-order central difference operators, respectively, and then, substituting them into Eq. (16), we obtain a spatially fourth-order accurate compact approximation of Eq. (13) as:
where the corresponding coe cients are:
and $ = h 2 =12. We now extend the above fourth-order compact method for the 1D convection di usion problems to the 2D case. The 2D convection di usion equation in Eq. (12) is rst split into the following two systems:
Applying Eqs. (19) and (20) to the 1D-like Eqs. (21) and (22), we obtain the spatially fourth-order compact approximations of Eq. (12) as:
where the coe cients are given as follows:
The standard second-order central di erence operators within the nine-point stencil are given in Appendix A.
Note that one has to solve three systems based on Eqs. (23)-(29) for stream function, vorticity, and temperature. To simplify the computation, we introduce the pesudo-time algorithm [40, 41] for solving Eqs. (23)- 
As a result, at steady state, n+1 converges to n , so that @ n =@t 0, and the nal solution to Eq. (30) converges to the solution to Eq. (23). We use the Alternating Directing Implicit (ADI) method to solve Eq. (30) until the solution converges to the steady state. Finally, the computation procedure of the FHOC scheme for obtaining the stream function, vorticity, and temperature in the nano eld problem can be described as:
Step 1. Solve the stream function based on the FHOC scheme for Eq. (7) . To this end, determine stream function boundaries on the walls based on U = 0 and obtain n+1 = 0. Then, use the ADI method to solve the following equation in region [1; M 1] [1; M 1] to obtain n+1 : @ n i;j =@t = A i;j 2 X n i;j B i;j 2 Y n i;j + C i;j X n i;j + D i;j Y n i;j S i;j ; (31) where, A i;j = 1; B i;j = 1; C i;j = 0; D i;j = 0;
Step Step 3. Solve the temperature based on the FHOC scheme for Eq. (9) . First, determine the temperature boundaries on the left-hand-side wall based on @=@X = 0, and then develop a fourth-order discrete temperature boundary condition on X = 0 as: n+1 0;j =[ n 1;j+1 + n 1;j 1 +2 n 0;j+1 +4 n 1;j +2 n 0;j 1 ]=10: (36) Finally, solve the temperature equation: Step 4. Repeat Step 1 to Step 3 from n = 0; 1; 2; :::; until the following convergence criterion for stream function, , vorticity, , and temperature, , is satis ed: max(j n+1 n j) ; max(j n+1 n j) ; max(j n+1 n j) ;
(38) where = 10 6 in our computation.
Numerical results
We rst tested the grid independence of the present FHOC scheme. To this end, eight di erent meshes of 11 11, 21 21, 31 31, 41 41, 51 51, 61 61, 71 71, and 81 81 were used for the natural convection and heat transfer of Cu-water nano uid. The maximum value of the stream function of the primary eddy j j max and the total average Nusselt number Nu avg across the entire inclined square enclosure were used to measure the accuracy of the solution [42] . Figure 2 demonstrates the in uence of the number of grid points on natural convection and heat transfer of Cu-water nano uid, where Pr = 6.8, = 10 6 , Ra = 10 4 , " = 0:5, = 90 , = 5%, and r = 30 . It can be seen from Figure 2 that when the mesh is ner, the solution is more accurate; and when the mesh is ner than 61 61, the solution does not change signi cantly. This indicates that our scheme is grid-independent. We then tested our FHOC scheme for the classical natural convection heat transfer of pure water in a di erentially heated square enclosure, where Ra = 10 3 . The obtained numerical results were compared with those given by various references listed in Table 2 . As seen from Table 2 , the obtained numerical results show a good agreement with those given by the existing references [43] [44] [45] [46] [47] [48] [49] . Furthermore, our numerical simulation procedure was tested in a square enclosure where the Al 2 O 3 -water nano uid was lled and the bottom wall was kept with a non-uniform temperature distribution as that in [50] , where Ra = 10 5 , Pr = 6.2, and = 10%. The obtained averaged Varol et al. [49] 13.564 Goyeau et al. [46] 13.470 This study 13.612 Nusselt number through the hot source is 6.955, which is in an excellent agreement with 6.956 obtained in [51] . We then investigated the natural convection and heat transfer in an inclined square enclosure utilizing nano uids with four types of nanoparticles (Cu, CuO, Al 2 O 3 , TiO 2 )-water with non-uniform heating. Numerical results were studied based on the following parameters: the Rayleigh number (Ra = 10 3 , 10 4 , 10 5 ), the enclosure inclination angle )r = 0 ; 30 ; 45 ), the solid volume fractions ( = 0%; 1%; 2%; 3%; 4%; 5%), the amplitude ratio of the sinusoidal temperature (" = 0; 0:5; 1:0), and the phase deviation of the sinusoidal temperature of the bottom wall ( = 0; =4; =2; 3=4; ). Throughout the study, Pr = 6.8 and = 10 6 were xed. Figure 3 illustrates the local Nusselt number along the bottom wall (on the left column) and the top wall (on the right column) for di erent Rayleigh numbers and inclination angles of CuO-water nano uid, where = 5%, " = 0:5, and = =4. One may observe from these gures that the local Nusselt number Nu b (X) along the bottom wall increases as Ra increases on the left half of the enclosure (0 X 0:5); on the other hand, it decreases as Ra increases on the right half of the enclosure (0:5 X 1). Furthermore, the local Nusselt number Nu t (X) along the top wall decreases as Ra, increases on the left half (0 X 0:4), and increases as Ra increases on the right half (0:4 X 1). In addition, when the Rayleigh number is low (Ra =10 3 ), changing the inclination angle, r, along both the bottom and top walls has no e ects on the heat transfer rate. When the Rayleigh number, Ra, is high (Ra = 10 4 , 10 5 ), the heat transfer rate decreases as the inclination angle increases from 0 to 45 . These observations are similar to those of Varol et al. [49] for a pure uid case. Figure 4 shows the local Nusselt number Nu b along the bottom wall of the inclined square enclosure for di erent amplitude ratios, ", for Al 2 O 3 -water nano uids with = 5%, r = 30 , and = =4. From Figure 4 , one may observe that heat transfer rate, Nu b (X), along the bottom wall increases as the amplitude ratio, ", increases on the left half (0 X 0:4) and in a narrow zone close to the right wall (0:8 X 1); on the other hand, it decreases as the amplitude ratio, ", increases on the right half (0:5 X 0:8). This is because the temperature on the bottom boundary is " sin(2X + ); and " is dependent only on the bottom wall and the energy transport on the top wall is not a ected by it. As a result, changing " will not a ect the heat transfer rate, Nu t (X), along the top wall. These observations are similar to those of Sivasankaran et al. [22] . Figures 5 and 6 show streamlines and isotherms for di erent amplitude ratios of the sinusoidal temperature (" = 0:5 on the left column and " = 1:0 on the right Results show that with increase in " from 0.5 to 1.0, the convective ow is distributed over the enclosure and the secondary eddy near the right-bottom corner becomes bigger and more powerful. For the same amplitude ratio, ", an increase in Ra increases the value of j j max . For example, when " = 0:5, the value of j j max increases from 5.4412 at Ra = 10 4 to 17.1660 at Ra = 10 5 . In addition, for the same Rayleigh number, an increase in " increases the value of j j max . For example, when Ra = 10 5 , the value of j j max increases from 17.1660 at " = 0:5 to 18.6625 at " = 1:0. From Figure 6 , one may see that when " is increased from 0.5 to 1.0, there is a signi cant di erence in isotherms and, in particular, strong thermal boundary layers are developed along both horizontal walls. Accordingly, we conclude that increasing the amplitude ratio, ", will lead to increase in heat transfer.
The e ects of the phase deviation on the local Nusselt number along the bottom wall for TiO 2 -water nano uids are demonstrated in Figure 7 , where = 5%, r = 30 , and " = 1:0. From the gure, we can see that the local Nusselt number, Nu b (X), along the bottom wall is signi cantly a ected by changing . Furthermore, the heat transfer rate along the bottom wall decreases as the phase deviation increases on the left half of the square enclosure; on the other hand, it increases as the phase deviation increases on the right half of the square enclosure. Figures 8 and 9 plot the streamlines and isotherms for di erent phase deviations ( = =4 on the left column and = =2 on the right column) at di erent Rayleigh numbers for the TiO 2 -water nano uid with = 5%, r = 30 , and " = 1:0. Results show that when the phase deviation, , is increased from =4 to =2, the secondary vortex near the right-bottom corner becomes bigger and bigger until it is distributed over the right half of the square enclosure. Moreover, for the same phase deviation, , one can see that an increase in Ra increases the value of j j max . For example, when = =4, the value of j j max increases from 6.3723 at Ra = 10 4 to 18.5263 at Ra = 10 5 . On the other hand, for the same Rayleigh number, an increase in decreases the value of j j max . For example, when Ra = 10 5 , the value of j j max decreases from 18.5263 at = =4 to 13.1169 at = =2. From Figure 9 , we can see that both horizontal walls are divided into the heating zone and the cooling zone, because of the sinusoidal heating temperature, and the zones on the top wall are stagnant while the zones on the bottom wall shift with increase in the phase deviation. Figures 10 and 11 demonstrate variations of the total average Nusselt number, Nu avg , across the entire inclined square enclosure with di erent solid volume fractions for four di erent nano uids (Cu, CuO, Al 2 O 3 , TiO 2 ), where = 0%, 1%, 2%, 3%, 4%, 5%, r = 30 , " = 0:5, and = =4. It is seen from these two gures that the total average Nusselt numbers are signi cantly a ected by changing the nanoparticle volume fraction. However, the e ects of the solid volume fraction parameter on the natural convection and heat transfer of nano uids seem to be complicated. When the Rayleigh number Ra is low (Ra = 10 3 ), the total average Nusselt number decreases as the solid volume fraction parameter, , increases, as seen in Figure 11(a) . For example, when the volume of Al 2 O 3 nanoparticles increases from 0% to 5%, the total average Nusselt number decreases from 0.4208 to 0.3628 at Ra = 10 3 . On the other hand, elevating has a favorable e ect on the heat transfer of nano uids when Ra is high (Ra = 10 4 , 10 5 ), as seen in Figure  11 (b) and (c). For example, when the volume of TiO 2 nanoparticles increases from 0% to 5%, the total average Nusselt number increases from 1.4531 to 1.5228 at Ra = 10 4 and increases from 1.8056 to 2.0383 at Ra = 10 5 . Based on the de nitions of e ective density and viscosity of nano uids, we see that the inertial and viscous resistances of nano uids are greater than those of water, since the density and viscosity of nano uids are higher than those of water as increases. When Ra is high, the convection dominates the uid movement. Under such circumstance, the heat transfer increases with increase in the value of the solid volume fraction parameter. Since larger volumes of nanoparticles give relatively higher thermal conductivity, it is noteworthy that high values of Ra lead to higher Nusselt numbers for each solid volume fraction. Here, we give a better comparison by examining the values presented in These observations are similar to those of Elif [31] . The highest heat transfer is obtained when using the Al 2 O 3water nano uid for = 5% and Ra = 10 5 . Figure 12 shows contours of streamlines for pure uid ( = 0%) and four di erent nano uids ( = 1% 5%), respectively, where r = 30 , " = 0:5, = =4, and Ra = 10 4 . Streamlines for nano uids are plotted in dotted lines and those for pure uid are plotted in red solid lines. From these streamlines, we can see that a primary recirculating cell is formed in the enclosure due to the fact that the uid ows up near the heat source and ows down along the right and left walls with the sinusoidal temperature distribution. Furthermore, one can see that increasing from 1% to 5% decreases the value of j j max , which causes the uid with nanoparticles to circulate slowly in the enclosure. However, the di erence between pure uid and nano uids with four di erent nano-particles is negligible. Finally, using the numerical results in Table 3 , the correlation of the total average Nusselt number along the isothermal walls can be empirically expressed as:
Nu avg = (A + B)Ra C ; (40) where = 0%, 1%, 2%, 3%, 4%, and 5%; r = 30 ; = =4; Pr = 6.8; and the corresponding coe cients and values of the squared 2-norm for the residuals are listed in Table 4 . Figure 13 shows the comparison between the total average Nusselt numbers in the numerical results and those obtained based on the above correlation, which indicates that they agree well with each other.
Conclusion
We developed a numerical method for solving the natural convection and heat transfer of nano uids in an inclined square enclosure with sinusoidal temperature distributions. The numerical scheme was derived from the FHOC nite di erence method. From the obtained numerical results, we reached the following conclusions: 1. When the Rayleigh number Ra is low (Ra = 10 3 ), the average Nusselt number decreases as the solid volume fraction parameter, , increases. On the other hand, elevating has favorable e ects on the natural convection and heat transfer of nano uids when Ra is high (Ra = 10 4 , 10 5 ); 2. When the Rayleigh number is low (Ra = 10 3 ), the heat transfer rates are not a ected by changing the inclination angle r. On the other hand, when the Rayleigh number Ra is high (Ra = 10 4 , 10 5 ), the heat transfer rate decreases as the inclination angle increases; 3. For the same amplitude ratio, ", an increase in Ra increases the value of j j max . In addition, for the same Rayleigh number, an increase in " also increases the value of j j max ; 4. The phase deviation parameter has a signi cant impact on the local Nusselt number along the bottom wall. For the same phase deviation, an increase in Ra increases the value of j j max . However, for the same Rayleigh number, an increase in decreases the value of j j max ;
5. When Ra = 10 4 , the total average Nusselt number Nu avg for the four nano uids decreases with the In the future work, an optimization may be needed to obtain the best value of the solid volume fraction of nano uids in order to improve heat transfer within a porous medium in the most e ective way. 
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